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D E F O R M A T I O N  OF A S T O C H A S T I C A L L Y  

I N H O M O G E N E O U S  S O L I D  W I T H  AN O P E N I N G  

N. B.  R o m a l i s  UDC539.3.01 

At the p r e s e n t  t ime,  there  exis t  a v e r y  l a rge  number  of solutions of the deformat ion  of unbounded 
s tochas t ica l ly  inhomogeneous bodies.  In these  solutions effect ive moduli of e las t ic i ty  a r e  de te rmined ,  i .e . ,  
the mechan ica l  p r o p e r t i e s  of the m a t e r i a l ,  ave raged  over  the spat ia l  region,  as a function of the p a r a m e t e r s  
cha rac t e r i z ing  the s t ruc tu ra l  inhomogenei ty of the medium.  However ,  by v i r tue  of the nonlocal cha rac te r  of 
the connection between the mean s t r e s s e s  and the mean deformat ions  [1], the effect ive modul i  of e l a s t i c i ty  
depend to a cons iderab le  degree  on the boundary-va lue  p rob lem.  I t  mus t  be noted that,  for  the solution of 
concre te  boundary-va lue  p r o b l e m s  in the theory  of e las t ic i ty ,  cons iderable  ma themat i ca l  diff icult ies  a r i se .  
At the p r e sen t  t ime,  the re  ex is t  solut ions to a number  of boundary-va lue  p rob l ems  of the s tochas t ica l ly  
inhomogeneous theory  of e las t ic i ty  for a ha l f -p lane ,  a band [1], and an infinite plane with a c i r cu la r  opening 
[2, 3]. In the case  of antiplane deformat ion ,  a solution has  been given to the p rob l em of the propagat ion of a 
c rack  in a s tochas t ica l ly  inhomogeneous body [4, 5]. 

W e  consider  the plane p r o b l e m  of the deformat ion  of a body, whose e las t ic  constants  a r e  random func- 
tions of the coordinates .  With the su r face  fo rces  gi given at the contour L of the region S, occupied by the 
body, and in the absence  of vo lume t r i c  fo rces ,  the equations of the plane p rob lem of the theory of the e las t ic i ty  
of i so t rop ic  inhomogeneous bodies,  wr i t ten  in t e r m s  of the s t r e s s e s ,  have the fo rm [1] 

Xn ~ ~x COS lZX @ TxgCOS rty ~--- gl, 

Yn = 'r:,,~ cos nx -- ~v cos n g =  g2, 

0%: OTxg V 2 O'~q ev , .~ d:q O2q e (1) 
- -  - -  = O ,  ['~, (%. - - e , ~ ) ]  = = _ ' + 

O.c O~l Ox ~ v x  gJy~ Y ' . d ~  r x Y  

~r,,j 0% O. 
O ,V (., ~j 

H e r e  q and 1~ a r e  e x p r e s s e d  in t e r m s  of the Young modulus E(x, y) and the Poisson  coefficient u(x, y) by the 
r elat io nship s 

7 = I/E, q = (i + ,,,),'E, (2) 

where  V 2 is  a Laplace  ope ra to r ,  

Let  q(x, y) and 7 (x, y) be r andom functions of  the coordinates .  Then re la t ionships  (1) constitute a s to-  
chas t ica l ly  nonl inear  p rob l em,  de te rmin ing  the r andom functions r ij(x, y). We r e p r e s e n t  the values  of q and 
7 in the f o r m  q= (q) + qT y= @) + 7 t  We postula te  that the r andom functions q(x, y) and y (x ,  y) a r e  s t a t i s t i -  
cal ly homogeneous  and a r e  s ta t i s t i ca l ly  homogeneously  in terconnected  ((q) = const,  @) = const). I f  the solution 
of the p rob lem (2) is  r e p r e s e n t e d  in the f o r m  of a s e r i e s  in powers  of some p a r a m e t e r  ~r then the p rob lem 
(1) is  no rma l i zed .  The p a r a m e t e r  ~ is  in t roduced by the re la t ionships  [1]. 

q _._( q> • ? .:  -?~:. _~_ • Ti ~ = ~" • (3) 
h--0 II 

Substituting (3) into (1), and equating exp re s s ions  with identical  powers  of ~t, we obtain a boundary-value  
p rob l em for the zero approximat ion ,  
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sequence of the s ta t i s t i ca l ly  l inear  boundary-va lue  p rob l ems  for  n" ~k), and the r e c u r r e n t  

' = ' i l  " ( ~ ) ~ l  - -  0 v ~ ( o ' 2  ~o<~ ~)) p - ' ) ,  ( x ~ ) ~  ~ , , , . - -  , 

where  f(k-1) is  a cer ta in  l inear  combination of the f o r m  

(4) 

I kux~ (~-~) ' o~ ~-i) + 2iz(~ -i)~u ~:.,." O~'q" 

The p r o b l e m  (4) is  the p rob l em  of the de format ion  of a homogeneous  body with some  manner  of distr ibution 
of the m a s s  fo rces  and a boundary f ree  of ex te rna l  loads. 

The  solution of this p rob l em  is  given by the fo rmulas  [1, 6, 7] 

~ 
o? ) -~ &~') = .-~, (Z , - z ) ln lx - - z{dxxdZ~§  + q)h(ij], 

.q 

h Z- - :  

(5) 

where  f~ is  the t r a n s v e r s e  c ro s s  sect ion of the region occupied by the body; X l, and X 2 a r e  in tegra t ion v a r i a b l e s  
(X =X 1 + ix2, X =X 1-iX m); and @k(Z) and @k(Z) a r e  complex Muskhelishvil i  potent ia ls ,  which a s s u r e  the s a t i s -  
faction of the boundary conditions. The potent ia ls  @k(Z) and #k(Z) a r e  eas i ly  found in all  cases  where  the given 
contour is  mapped on a c i rc le  by a ra t ional  function. 

As an example ,  we cons ider  the case  of the elongation of an infinite s tochas t ica l ly  inhomogeneous body 
with a c i r c u l a r  opening (Fig. 1), and we calcula te  the second approximat ion  of the s t r e s s e s  (o(02)>, (~(o2~>. ~ ~2~\ .T03 /~ 

where  (o(p k)) T' <o~)~>> =<o (k)x> --", (. ,, /, Co(0 k)) -- (o(~')/x + _l.~ \Tp0/." (,d.\ ":= k<o,j,. (k)\/ -- (o!~ '~}., -~- 2i \Txu J_, y "  (h)\~ .i0. 

We take  the cor re la t ion  functions in the fo rm [8] 

<q' (:,) , /(~o)> = o:;., ~-~p [ -  (-., - ~o)(~ - ~ ) 1 ~ ] ,  

Then a f t e r  ce r t a in  t r a n s f o r m a t i o n s ,  the calculat ion of exp re s s ions  (5) r educes  to calculation of in t eg ra l s  of 
the f o r m  

co oc 

, ~ 2 2 (6) i 'dro.!'drl {d(~ i e x p [ - - t , ( r ~ - i - r , ) / a  ]f(ro, r,, o o, o~)dal, 
"l 1 % ~.', 

where  T0, and T1 a r e  contours  of a unit c i rc le ;  ~0, and (r 1 a r e  points of the contour. The in tegra l s  with r e s p e c t  
to ~/0, and T1 a r e  calculated using the theory  of r e s idues ,  taking account  of in which region the function under  
the in tegra l  s ign is  holomorphic .  The in t eg ra l s  of the f o r m  

dr 0 ~" exp [--  B 2 (ri -I- rg)/a2l" dr1, 
'1 i 

to which express ion  (6) is  reduced,  we re  calculated on a Mi r -1  digital computer  [9]. The coefficient  of the 
s t r e s s  concentrat ion k, being the ra t io  of (~$> to the value of the load p, applied at infinity, i s  shown in Fig. 1, 
where  the solid line i l l u s t r a t e s  the dependence of the coefficient  of the s t r e s s  concentrat ion in a homogeneous  
body on the d imens ion less  dis tance r / R ;  the dashed l ines show the coefficients  of the s t r e s s  concentrat ion in 
the case  of a s tochas t ica l ly  inhomogeneous body. The ra t io  of the cha r ac t e r i s t i c  l inear  d imension of the 
inhomogenei ty to the radius  R is  taken as  ~ / R  =0.1 and 0.3 (curves  1 and 2, r espec t ive ly ) .  

The  calculat ions were  made for the following va lues  of  the p a r a m e t e r s :  

,.,2 ,/~,o.\ OA, e ,/,,2~ 0.01. o'~,,,,, <W> -- 0.005. 
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Thus, the scale effect, characteristic of stochastically inhomogeneous bodies [i], leads to a considerable 
increase in the stress concentration near the opening. 

Calculations were made analogously for the case of an infinite body, weakened by an elliptical opening: 
The effective coefficient of the stress concentration in the case of an elliptical opening is shown in Fig. 2 for 
the case a /b=2 [curve 1) o~/R=0.1; 2) ~/R=0.3]. 

In the case where the ellipse reverts to a slit, within the framework of the linear theory of elasticity, 
as is well known, the stresses at the tip of the crad~ have a singularity of order (r)-I/2. In [10] it is shown 
that the singularity in the neighborhood of the tip of a crack in a stochastically inhomogeneous body is of the 
same order as in a homogeneous body, i.e., the effective coefficient of the intensity of the stresses can be 
introduced. 
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